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ABSTRACT 


Let  T»  X(t)»  and  C  denote  the  time  to  failure,  the  accumulated 
damage  by  time  t,  and  the  "critical"  damage.  Let  F  be  the  distri¬ 
bution  function  of  T.  Let  "£"  stand  for  the  event  of  the  component 

undergoing  damage  and  { t^)  denote  the  sequence  of  intervals  of  time 

n 

between  successive  occurrence*  of  "E“.  Let  T  *  L  t.  and  Y.  denote 

n  .  ,  1  i 

i*l 

the  amount  of  damage  experienced  at  ti«*e  T  ,  Assume  {t  .  T  }  is  a 

n  n  u 

sequence  of  independent,  identically  distributed  variables  with 

distribution  function  H(t.  v) ,  80  that  it  1  and  (Y  (  are  renewal 

n  n 

processes.  The  i  •'nualicy  F(t)  <  H(t,  «•)  is  obtained  with  equality 
if  and  only  if  C  0.  tor  "E"  a  Poisson  process,  sufficient  condi 
tioud  are  given  icr  f  to  be  IhR  jnd  DMR.  The  classes  of  distribution 
functions  are  considered  with  the  topology  of  complete  convergence, 
f'mpirical  estimates  F  from  observing  occurrences  of  "E"  are  given. 
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1.0  SUMMARY 


Let  T,  X(t),  and  C  denote  the  time  of  failure,  the  accumulated  damage  by  time 

t,  and  the  "critical"  damage  the  component  can  withstand,  respectively.  Let 

"E’’  stand  for  the  event  of  the  component  undergoing  damage  and  {tQ}  denote 

the  sequence  of  Intervals  of  time  between  successive  occurrences  of  "E".  Let 
n 

T  -  E  t.  and  let  y  denote  the  amount  of  damage  experienced  at  time  T  . 
n  1  n  or  n 

Assume  { t^,  y^}  Is  a  sequence  of  Independent,  Identically  distributed  random 

variables  with  distribution  function  H(t,  y),  so  that  (t  }  and  (y  }  are 

n  n 

Nt 

renewal  processes  with  X(t)  ■  I  y  ,  where  N  Is  the  number  of  events  by  time 

n-1  ®  c 

t  with  respect  to  {t^}.  If  G(t,  x)  Is  the  distribution  function  of  X(t),  then 
F,  the  distribution  function  of  T,  can  be  expressed  in  terms  of  C  and  H.  The 
Inequality  F(t)  <_  H(t,  •)  Is  obtained,  with  equality  holding  If  and  only  if 
C  =  0.  For  "E"  a  Poisson  process,  sufficient  conditions  are  given  for  F  to  be 
I HR  and  DMR.  The  classes  of  distribution  functions  are  considered  with  the 
topology  of  complete  convergence.  Empirical  estimates  for  F  from  observed 
occurrences  of  "E"  are  given.  The  asymptotic  properties  of  F  are  examined. 
Generalisations  are  made  to  several  types  of  multicomponent  structures. 
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2.0  INTRODUCTION 


In  what  follows,  the  word  device"  is  used  to  denote  the  given  piece  of  equip¬ 
ment  or  hardware  under  consideration.  At  time  t  ■  0,  say,  the  device  Is  put 
to  use.  As  time  passes  by,  the  device  steadily  wears  out  until  it  fails  or  no 
longer  performs  the  functions  it  should.  Let  T  denote  the  time  to  failure. 

Let  X(t)  denote  the  accumulated  wear  out  or  damage  the  device  has  suffered  by 
time  t.  X(t)  ij  a  random  function  of  the  argument  t  while  T  is  a  random  vari¬ 
able.  Let  C  denote  the  "critical"  damage  the  device  can  stand.  C  is  considered 
to  be  a  constant  without  loss  of  generality.  The  inequality 

(2.1)  X(t)  >  C 

is  now  the  event  that  by  time  t  the  accumulated  damage  the  device  Las  suffered 
is  greater  than  the  critical  damage;  in  other  words  the  device  has 

failed  by  time  t.  Thus,  (2.1)  is  the  same  event  as  T  <  t. 

Let 

(2.2)  P[X(t)  <  x]  -  G(t ,  x) 

and 

(2.3)  P(T  <  t]  -  F(t). 

Then 

(2. A)  F(t)  -  1  -  G(t ,  C ) 


3.0  RENEWAL  PROCESS  DAMAGE  MODEL 


Let  'E"  stand  for  the  event  of  the  device  undergoing  damage.  Let  { t ^ } 
i  ■  1,  2,  ...,  denote  the  requence  of  intervals  of  time  between  successive 
occurrences  of  "E".  Let 


(3.1) 


T  *»  t.  +  t,  +  ...  +  t  ,  n  ■  1,  2,  .... 
n  1  2  n’  ’ 


be  the  actual  time  Instants  corresponding  to  the  occurrence  of  "E".  In  other 
words,  T^,  Tj,  ....  are  the  successive  instants  of  time  when  the  device 
suffers  damage.  Let  denote  the  amount  of  damage  the  device  experiences  at 

time  T  ,  n  -  1,  2,  .  We  will  now  assume  that  (t  ,  y  }  n  ■  1,  2,  ...,  is 

a  sequence  of  Independently,  Identically  distributed  random  variables  with 
the  same  distribution  function  H(t,y).  Clearly  now  { } ,  n  ■  1,  2,  ...,  and 
{yn>,  n  -  1,  2,  ....  are  both  ordinary  renewal  processes.  Under  this  set-up 
the  cumulative  damage  X(t)  suffered  by  the  device  by  time  t  is  given  by 


(3.2) 


X(t) 


L 

n-l 


y 


n 


where  is  the  number  of  events  up  to  the  specified  time  t  with  respect  to 
the  renewal  process  {tnh  For  the  cumulative  damage  process  X(t)  given  by 
(3.2)  the  corresponding  distribution  is  given  by 


G(t,x)  -  P(X(t)  <  x] 


n»l 


y  <  x 
7n 


1  -  H(t,°°) 


(3.3) 


.  /  /  0(t  - 


■1’ 


X  - 


V 


dll 


t  x  ^cl,x 
1’  1 
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because  1  -  H(t,  <*)  denotes  the  probability  that  there  is  no  event  in  the 
specified  interval;  that  X(t)  “  0  <  x;  in  the  remaining  mutually  exclusive 
cases,  there  is  some  first  event  in  the  interval  and  the  last  term  on  the 
right-hand  side  of  (3.3)  gives  this  probability. 


If  we  use  the  fundamental  relationship  (2.4),  the  underlying  law  of  failures 
associated  with  the  cumulative  damage  process  (3.2)  is  given  by 

•  t 


(3.4)  F(t)  -  H(t,»)  -  /  /  G(t  -  tr  C  -  xx)dH 

—00  0 

Poisson  Process  for  the  Events  "E" 


We  will  now  specialize  (3.3)  and  (3.4)  for  the  case  of  a  Poisson  process  for 
the  events  "E"  and  discover  some  basic  properties  of  the  exponential  law  of 
failures.  In  this  case 


G(t ,  x)  -  P 


Nt 

L 

n*l 


y  <  x 
n 


(3.5) 


n]  P[yx  +  y2  + 


+  yn  <  *|Nt  -  n) 


Since  H(*,  x)  denote  the  distribution  of  a  y^,  we  let  H^n^(«,  x)  denote  the 
n-fold  convolution  of  H(»,  x)  with  itself.  Also, since  Nf  is  the  number  of 


3 


events  in  the  interval  (0,  t)  according  to  a  Poisson  process,  say,  with 


parameter  X 


(3.6)  pi*t-  nl  '  * 

Hence 

"  e“Xt(xt)n  (r.' 

(3.7)  G(t ,x)  -  I  -r—  «  (-.  X) 

n-G 

where 

(0)  .  (0  for  x  <  0 

H  t",  x)  -  < 

(3.8)  '1  for  x  >  0, 

(“,  x)  »  H(®,  x) , 


and  for  n  >  1 


H(n> 


(“,  x) 


/ 


,(n-l) 


-  z) 


Combining  (3.7)  and  (3.8)  we  can  write 


(3.9) 


G(t,  x)  ■  e 


-Xt 


+  Z 

n»l 


e_Xt(Xt)n  (n) 
nl  K 


diU00,  z) 


(®,  x) 
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From  (2.4)  and  (3.9)  we  discover  that  in  this  case 


(3.10) 


F(t)  «  (1 


e'U)  -  £ 

n*l 


-At,,  .n 
e  (At) 


H(n)  (“, C  ) 


Equation  (3.10)  is  a  special  case  of  equation  (3.4)  when  the  events  "F"  form 
a  Poisson  process.  We  will  not  interpret  the  fundamental  Implications  of  equa¬ 
tions  (3.4)  and  (3.10). 


Let  D  stand  for  the  event  that  by  time  t  the  device  has  experienced  damage. 
Now 


(3.11)  P(D)  -  .c  i  t)  -  K(t,  •). 

Let  A  stand  for  the  event  that  the  device  failed  by  time  f  and  A  its 
cojnplanent.  Clearly 


D  -  (DA)  U(DA) 

■  AU  (DA) ,  since  AcD. 


Hence , 


(3.12) 


P(D)  -  P (A)  +  P(DA) 


but 

(3.13)  P (A)  -  F(t) 
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and 


*  t 

<3  .*>  P<D*>  •  /  /  0<t  -  V  c  -  V  dKt,,  *,(tr 

~®  0  11 

Thus  equation  (3.4)  is  clearly  identical  with  equation  (3.12). 

We  discover  from  (3.4)  in  the  general  case  that 

(3.15)  F(t)  <  H(t ,  -), 
the  equality  sign  holding  if  and  only  if 

(3.16)  C  «  0. 

The  condition  (3.16)  that  tie  critical  damage  C  is  zero  is  equivalent  to 
.laying  that  the  cumulative  damage  process  X(t.)  is  a  constant  independent  of 
t,  i.e.,  the  device  does  not  deteriorate  due  to  damage  or  wear  out.  In  this  case 
the  event  "E"  of  the  device  undergo!.  *  damage  between  t  and  t  +  dt  is  synony¬ 
mous  wit)i  the  event  f  the  dev).  «*  failing  between  t  and  t  +  dt. 

There  har  been  a  popular  misconception  that  the  exponential  law  of  failures  Is 
characterized  by  the  situation  that  the  cumulative  damage  is  independent  of 
time.  Equations  (3.10),  ( 3 .  i  ^> ) ,  anu  t  3 . 16)  now  establish  that  when  the  cumula¬ 
tive  damage  process  Is  constant  In  time,  the  underlying  law  of  failures  is 
identical  with  the  distribution  of  the  intervals  between  consecutive  occur¬ 
rences  of  "E”  and  is  exponential  only  when  the  events  T,E"  are  Poisson. 
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4.0  EMPIRICAL  ESTIMATION  OF  F 


Let  denote  the  two  dimensional  empirical  distribution  function  for 

H( . , « ) .  That  is,  H^(t,x)  -  1/n  {number  of  observations  (T^,  X^)  with  <  t 

and  X,  <  x}. 

1 

This  will  than  produce  an  where 

+*»  t 

Fk(t)  -  -  f  J  \  (t  -  C,,  C  -x,'  dHk  {tj,  Xj.. 

-as  0 

4.1  Theorem 


Let  G  be  a  continuous  function  with  respect  to  the  usual  product  topology  on 

2 

E  .  Then  F^t)  F(t)  completely,  or,  in  the  sense  of  Feller,  prop  . 
Proof .  One  has 

(4.1.1)  |Fk(t)  -  F( t )  |  <  |Hk(t,  -)  -  HU,  -)| 

+CO  t 

+  f  f  V1  '  cr  c  "  xi)  dHk(ti,xi) 

-«s  0 

+CD  t. 

-  J  J  C(t  -  tj.C  -  Xx)  dH(t1>x1)  . 

-00  0 
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The  first  terra  in  (4.1.1)  tends  to  0  since  is  the  empirical  distribution 
function  for  H.  For  the  second  term  one  has 


(4.1.2) 


f  f  Gk*C  £1*  C~  *1* 


+*•  t 


-I  r  G(t  -  t^,  C~  x^  dH(t1,x1) 


-*  0 

|  +«  t 


J  J  G(t  -  Zy  C-  X]L)  dHk(t1,x1) 


0 

+-  t 


/  /  G(t  -  t^C  -  x1)  dHU^.x^ 


0 


J  f  Gk(c  "  trc  "  V  '  G(t  ”  "i’c  "  xi)  dH:  (ti*xi)  • 

o  * 


The  first  summand  in  (4,1.2)  tends  to  0  as  k  00  by  the  two  dimensional  version 
of  the  Helly-Bray  theorem.  The  second  term  in  (4.1.2)  is  bounded  by 


!*»  t 


(4.1.3) 


Gk(t 


t  ^  .  G 


-  XjJ-GU  -  t1 ,  C  -  x, ) 


dH, (t  ,  x,) 

«<.  I  i. 


To  show  this  tends  to  0  and  k  tends  to  «  we  first  consider 


a  t 

■kk(a,  t)  “  j  J  gk(t  -  ti,  C  -  x^)  dHk(tr  xx) 

-a  0 

where 

sjk(t  -  tx,  C  -  X])  “  j Gk<t  -  tr  C  -  xx)  -  G(t  -  tj,  C  -  xx)  j  - 

hxpresf.ing  the  finite  multiple  integral  as  the  limit  of  Riemann-Stiel j ies 
and  interchanging  limits  one  obtains 

^k  [a,  t)  +  0  as  k  ■*  ". 

Hence , 

Lim  Lira  (a,  t)  -  0 
,  k 

a  ■*  ®  k  +  « 


and  since  e  is  jnded  and  II.  (.  is  a  distribution  [unction,  we  obtain 
K  k 

Lim  Lim  k,  (a,  t)  *■  Lim  k.  O,  t)  -  0. 

,  k  ,  k 

k  <■  >«  a  00  k  ♦  <” 

In  Cite  particular  case  lor  the  Poisson  process  one  defines  G  (t,  x)  bv 


(4 


.4) 


Gk(t.x) 


y 

»  1 1 

n«() 


t 

e 


(U> 


n ? 


(%  x) 


sums 
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where  is  the  two  dimensional  empirical  distribution  function. 

4 . 2  Theorem 

With  G^  as  in  (4.1.4)  and  G  as  in  (5.3),  G^(.,.)  converges  completely  to 

G(.  ,.). 

Proof .  One  first  observes  the  following  inequality 


(4.2.1)  |Gk  (t,  x)  -  G(t ,  x)|  <  £ 


n«0 


•U(Xt)° 

n! 


(“.a)  -  H  («,  x) 


For  the  right-hand  side  we  employ  Lemma  2.  p.  252  of  U)  which  states  that  for 
fi'k  and  “ft  aa  the  respective  operators  of  and  H.  and  u  a  continuous  function 
on  F,'  the  inequality 


I  i\(tU  (u)  -  (u)!|  n i  j f ( <_t )  f/(u)|: 

holda .  If  we  let  k  ♦  -  it  follows  that  H  ^  •  fl  n)  l>y  theorem  1,  p.  249 

4>f  (1).  Now  by  letting  k  *  -  in  (4.2.1),  since  the  limit  can  be  brought  inside 

the  summation  sign,  it  can  be  seen  that  the  rig'.i  hand  side  tends  to  d. 
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5 . 0  CONDITIONS  FOR  BMR  AND  IHR 

In  this  section  we  assume  { t ^ }  forms  a  Poisson  process  and  derive  sufficient 
conditions  for  F,  defined  in  (3.10),  to  be  DKR  (decreasing  mean  residual  life) 
and  IHK  f increasing  hazard  rate).  The  section  concluded  with  an  example 
whose  derived  F  is  IHR. 


( !n ) 

Set  p  »  H  (•*,  C) .  Then  one  has  the  following  theorem, 
n 

5 .  1  Theorem 

t  sufficient  condition  for  F  to  be  DKR  is  for  the  fallowing  inequalities  to 
be  satisfied  for  all  N  >  M  for  sosae  positive  integer  M. 


(5.1.1) 


I 


1-0 


l-k-J+2 


k 

V 

i— 

J-k-N+! 


■j+i’ 


i-k-j+1 


for  0  <  k  <  N-l. 


N 

/N  \ 

N-l 

(5.1.2) 

y  6 

j 

Pj(l  Pi 

1- V 

J-k-N+2 

\ l-k-J+2  / 

J-k 

tor  N  i 

k  <  2N-2 . 

"o of.  Trie  quantity  we  wish  to  consider  is 

1  (1-K(x))dx 

(5.1.1)  v(t)  -  1  .  -  .  ..  , 


1  3 


tor  t  '  0. 


To  ip  how  thi»  in  non-increasing  in  t,  we  evaluate  e(t)  by  substituting  the 
expression  for  F  in  (3.10)  and  obtain 


(3.1.4) 


*(t) 


V  ^n  -it  \  ( A  t )  ^ 

i— ‘  \  e  Z-  4  1 

n-0_ _ j-0  _ 


OD 


( A  t ) n 
n  I 


Without  loss  of  general i tv  we  can  assume  1-1.  Differentiating  v  with  respect 
to  t  one  has  (t)  <  0  if  an,1  only  if 


/ 


(3.1.5) 


V  *  A  V 


n-U 


jn _ 

n ! 


n-2 

,  V  £1 

'n  _  J  ! 

J-o 


v  p  V  L 

^n  u  j  ! 

n-1  )-0 


J\/  \ 


\  n  L_ 

__  ’  ”  + 1  v  ! 


\  n  •  U 


Sow  restrict  the  summations  to  finite  suror.aticns  for  S  >  2,  One  has 


0.1.6) 


N 

n  \ 

/  N 

n-2 

,  \  /  F 

n-1 

V 

P  t  \ 

-V 

Is 

p  V 

J  \  /  s 

-r  )<\  N 

P  V 

n!  J 

\  ^ 

n  — 

/  \  n*  1 

ll  y  -i 

n-0 

N-1 

V 

n-0 

rn+i 

\  n-2 

n 

C 

nl 

j-0 

J-0 

I  I 


u>ns  ivler  ing  the  coefficients  of 


tor  t  io  left  -  n.in.u  sice 


t  ;ie  polynomials  one  has 


(5.1.7) 


N-l  k  /  N  \ 

2  I  ■&*)•> 

k-0  j-0  \i-k-J+2  / 


2N-2  N  /N 

P 


I  I 

k-N  j-k-N+2 


( y  _ iL 

it  (k-J) 

i-k-j+2 


P'rK" 


For  the  right-hand  side  one  has 


(5.1.8) 


N-l  k 


N 


I  I  1r  I 


k-0  J-0 


(k-j)t 


J-k-j+1 


2N-2  N 

2  I 

k-N  j-k-N+1 


/  N 

but  S 

j  •  l 

\  J-k-J+l 


(k-j)! 


Substituting  the  expressions  in  (5.1.7)  and  (5.1.8)  into  (5.1.6)  and  comparing 
coefficients  one  obtains  (5.1.1)  and  (5.1.2). 


5.2  Theorem 


A  sufficient  condition  for  F  to  be  IHR  is  for  the  following  to  hold  for 
N  >  M  for  some  M  >  1 


(5.2.1) 


k 

V  A. 

V  pj+l  pk-j+l 

J-0 


Pj  Pk-j+2 


for  0  <  k  <  N-l. 
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and 


N~I  N 

C5,2‘2>  S  V  pj+i  pm+i  -  1L 

j-k-l'H-1  j-k-N+2 

for  N  '  k  <  2N~2. 


V  Pj  Pk-j+2 


Proof .  We  wish  to  show 

F(t-Hc)  -  F(t) 
i  -  F(t) 


is  nondacreasiag  in  t  for  i  >  0. 


Substituting  for  F  one  has 


(5.2.3) 


*  (t)  «  1 


_-A*  v  (A (t+x) ) 

-  >  - - -  p 

n  al  * 

n*0 


n«0 


(At) 

nf  Pn 


As  in  (5.1),  we  first  can  set  A*1  and  then  simplify  by  finding  e  (I-^(t)) 
which  i» 


(5.2 .A  ) 


♦x(t) 


e  (l-kx(t)) 


1 

n«0 


Ct-Hc)' 

n! 


1 

n”0 


tn 

n!  Pn 


We  wish  to  derive  conditions  on  (p  }  so  that  the  expression  in  (5.2.4) 


will  be  non Increasing.  Differentiating  #^(t)  with  respect  to  t.  one  has 
0  (t)  ;  0  if  and  only  if 


16 


17 


Restricting  to  finite  suiwaaMons.  say  N,  one  has 


(5.2.6) 


N-l 

2  It  Vi  j  s 

n»0  / 


Y</y  4 


2_<  n! 
e*>0 


\  /N-2 

,)(2  £ 

n*0 


n+2 


The  polynomial  on  the  left-hand  side  of  (5.2,6)  is 


(5.2.7) 


T  tVl  f 

O 

‘T  M*" 

o 

1 

ji(k-j)! 

Pj+1  Pk-j+l 

2N-2 

\ 

N-l 

1 

2 

k-N 

2 

j“k-N+l 

j 1 (k-J) ! 

Pj+i  Pk-j+l 

tk  + 


and  the  polynomial  on  the  right  side  of  (5.2.6)  is 
N-l 


(5.2.8) 


2 

K-0 

2N-2 

*  2 

k*N 


k 

Y 

Z_ 

j*0 

h 


L  j-k-N+2 


j ! (k~j ) !  Pj  Pk-j+2 


j ! (k- j ) !  Pj  Pk-j+2 


Comparing  respective  coefficients  in  (5.2.7)  and  (5.2.8)  one  obtains  the 
statement  of  the  theorem. 

5 . 3  example 

An  example  of  a  distribution  function  F  satisfying  (5.1.1),  (5.1.2),  (5.2.1), 


and  (5.2.2).  Assume  ; }  are  independent,  ident  ally  distributed  rarnio  i 
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variables  with  common  distribution  function  exponential  with, say,  parameter  1. 
Then  is  given  by 


'  n 

*  n-1 

1 

(5.3.1) 

p  (x)  »  p 
n 

S  b s  x 

.  j-i  J 

i  -x 

l-e 

i — - 

^N' 

X 

IT 

That  the  expressions  in  the  statements  of  the  theorems  5.1  and  5.2  are  satisfied 
can  be  seen  by  direct  substitution. 


I 


6.0  ASYMPTOTIC  PROPERTIES  OF  CUMULATIVE  DAMAGE  X(t) 


We  have  from  (3.3)  for  the  distribution  function  of  cumulative  damage 
Nt 

X(t)  -  T,  Y  ,  the  following 
n*>i  n 


(6.1) 


G(t,  x) 


P{*  (t)  s  xj 


Ln*l 


Y  < 
n 


■ 

x 

. 


-  1  -  H't, 


G(t  -  t 


1* 


V 


tl’xJ 


H(t, 


V 


For  tie  renewal  process  (t  ,  Y } .  n  •  1,  2,  . , . ,  with  common  distribution 

n  n 

!l(t,  y),  let 


Define  the  transform 


(f>.2) 


* 

II  (9,(1) 


CKj 


0 


St+  i  !y 
e  ii 

t  , 


iiU.y) 

V 
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Applying  il'e  transform  (6.2)  to  both  sides  of  equation  (6.1)  we  obtain 


(6.3)  g*(s ,  e)  -  i  -  h*(s,  o)  +  n*(s,  e)  h*(s,  0) 

Hence 


(6. A) 


G*(s,  0) 


1  -  H*(a,  0) 
1  -  H*(s,  6) 


Noting  that  the  left  hand  side  of  equation  (6.4)  is  the  characteristic  function 

* 

of  the  distribution  function  G  (s,  y)  and  that  for  the  real  part  of  s  greater  than 

zero,  the  right  hand  side  ia  differentiable  with  respect  to  0 ,  we  obtain  that 

* 

the  first  absolute  moment  of  G  (s,  y)  is  finite  and 


( fa .  3 ) 


i 


00 


-  OR 


yd^G  (s,  y) 


(1 


-  H*(a ,  OflH* 

U  -  H*(s,e)] 


i*i£> 

2 


0-0 


1  R*(a) 

1  -  H*(s ,  0) 


wheio  the  symbol  prime  denotes  differentiation  with  respect  to  9  and 


(fa.  <>) 


K*(s) 


1 

i 


*  * 

H  (s. 


0) 


i*  -  0 


if  .■  j  ,  p.,  and  y  are  finite,  we  obtain  from  Murthy  [2]  that 
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(6.7) 


e® 


y  dyG\a,y) 


* 


* 


i  -  H  (s,0) 


V1W2 


Ul8 


111 

Ui 


■*■0(1),  as  s-*  +  0 


Since  the  left-hand  si  !e  of  equation  (6.7)  is  the  Laplace-Stielt jes  transform 
(L-S.T)  of  E(X(t)),  we  obtain  that 


v  i  'J  i u  o  u , . 

(6.8)  E(X(t»  •  t  0(1',  as  t  - 

1  2iix  U1 


Similarly 


«  * 

j  » 

— 

(6.9) 

- 

C  2  *  H  <9*u) 

y  d  G  (s.  y)  - 

+ .tv  »> 

•'  -  0. 

- - — ^ - _  +  > -  - 1  -  ^  j 

1  -  H  (s,  0)  [1  -  H*(s.  0)j2 


.  •>  ur*(s)  r 

*  -  7 , 

5  -  H  (s,  0)  [1  -  H  (s,  0) p 


where 


Q*(s) 


H  (s,  8) 


t) 


is  the  L-S.T 

0 
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» 


of 


Hence 

(6.10) 

If  Vj*  u3> 
tion  that 

(6.11)  E 


Q(t) 


y2  dyH(t.,  y)  . 


/ 


—  ou 


2  * 

v~  d^G  (s,  y) 


_ <UlL 


1  -  H  (s,  0) 


2  [  R* ( s )  ]  2 

*  2 
1  -  H  (s,  0] 


w 2 1  anci  ^  are  tiruLe> 


we  obtain  after  a  straightforward  calcula¬ 


tion 


+ 


U1 


‘V21 


0] 


r'  11^2  2 ' 2 

r  '  +  ,2 

"i  iUi 


"12 

—  +  as  t  *  *. 

i- , 

X 
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Combining  (6,8)  and  (6.11)  we  finally  discover  that 


(6.12) 


Var  (X(t)) 


+ 


2v12u3 


3uf 


3v  u 
x 


H_U_2 

3 


wi 


■\uU  +  V2 


J12 


2ui 


u  t 


+  0(1),  as  t 


4 


7 . 0  EXTENSIONS  TO  MULTICOMPONENT  STRUCTURES 


In  the  previous  section  the  damage  y„  -«•  coneld.red  .  scel.r.  In  the  ce.e  of 
,  general  structure  consisting  of  «  exponent.,  «t  eech  occurrence  of  E,  say. 

4  T  ,-  +  «■  +  t  the  damage  the  structure  suffers  can  be  denoted 

at  time  Tn  Cl  +  C2  '**  n’  8 

by  an  m  dimensional  random  vector. 


The  assumption  in  this  case  1.  that  the  sequence  (t„,  yn>,  n  -  1,  2,  •••  1» 
a  renewal  process  with  a  cos-on  (s*l)  dimensional  distribution  given  by 


(7.2) 


P(t  <  t,  y  <  y> 
n  11 


H(t,  yv  y2 . ym>- 


The  corresponding  m  dimensional  damage  process  is  then 


(7.3) 


xx(t) 

x2(t) 


X  (t) 
m 
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Now  the  m  dimensional  joint  distribution  of  life  lengths  of  the  m  component*! 
is  given  by 


(7.4)  F(t,,  t7,  ...  t  )  -  ?(X. (t. )  >  C,.  ...  X(t  )  >  C  ],, 

x  x  m  ix  1  mm  m 

where  C^,  i  ■  1,  2,  ...  m  is  the  critical  threshold  for  the  1th  component  of 
the  structure. 

Using  procedures  similar  to  the  single  component  situation,  we  can  obtain 

explicit]  F(t. ,  t_,  ....  t  )  in  terms  of  H(t,  y, ,  y„,  ....  y  )  and  its  eon- 
1  m  xx  m 

volutions  evaluated  at  the  critical  threshold.  Also,  the  mean  vector  and  the 

variance-covariance  matrix  of  the  ra  dimensional  cumulative  damage  process 

X(t  )  can  be  easily  evaluated. 

0) 
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L't  T,  X(t),  and  C  demote  the  ense  to  failure,  the  accuraeilated  dawage  by  time  t,  and 

the  '‘critical*’  damage.  Let  F  be  the  distribution  function  of  T.  Let  "E"  stand  for 

the  event  of  the  component  undergoing  daiaage  and  {t^  denote  the  sequence  of 

intervals  of  time  between  successive  occurrences  of  'T?  .  Let  T  =  .1  t  -  ami  Y 

n  i  i 

denote  the  amount  of  daxr™»  experienced  at  time  Tfi.  Asst*®  It^,  Yn }  is  a  sequence 
of  independent,  indentically  distributed  variable  with  distribution  function  H(t,y), 
so  that  {tn>  and  {Y  )  are  renewal  processes.  The  inequality  F(t)*H(t,")  is  obtained 
with  equality  if  and  only  if  C=0.  For  ”E",  a  Poisscm  process,  sufficient  conditions 
are  given  for  F,  to  be  IHR  and  EMR.  The  classes  of  distribution  functions  are 
considered  with  tiie  topology  of  complete  convergc’xe.  Enpirical  estimates  for  F 
fro*  observing  occurrences  of  "P'  are  given. 
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